The reason why in 1 + 1 dimensions "Fermi" fields can be expressed in terms of "Bose" fields (so-called "bosonization") is clarified in the case of the Thirring model by solving it on the basis of the Lagrangian formalism. It is characteristic invariance of the Lagrangian density under a special phase transformation of the second kind that allows the "bosonization" mentioned above. The soliton and the topological quantization of the charge in the massive Thirring model are briefly discussed. § 1. Introduction
One of the most profound and fascinating features of the 1 + 1 dimensional quantized field theory is the equivalence between th~ massive Thirring model and the sine-Gordon model.!), 2 J (This fact is often called the "equivalence theorem".) The equivalence indicates that a soliton (kink) in the sine-Gordon model corresponds to an elementary fermion in the massive Thirring model, and that the topological quantum number, which characterizes the kink with its asymptotic behavior as x 1~ ± oo, corresponds to the charge (fermion number) of the massive Thirring model, which is defined by the Noether current.
It has been expected that the operators that annihilate topological solitons in higher dimensions (vortices or monopoles) may be constructed, exactly like in the 1 + 1 dimensional case, constituting another (dual) local field theory. 2 J, 3 J The construction is, however, not so easy in higher dimensional cases as in the 1 + 1 dimensional case. Some features of the "equivalence theorem" might very well be speciality of the 1 + 1 dimensional case. Therefore a natural question to be asked is how far the "equivalence theorem" can be generalized. An answer would be given when we could clarify the specific properties of the 1 + 1 dimensional case that make the equivalence hold.
There are two ways to affirm the equivalence: One is to compare the Wightman functions (or the Green's functions) of both theories!) and to adjust relevant parameters; the other is to construct the "operator solution" of the field equation in terms of the other field theory. 2 J However, from these points of view, the reason for the equivalence appears to be, as it were, accidental. On the other hand, we shall verify the equivalence by solving the massive Thirring model on the basis of the Lagrangian formalism: It leads directly to the sine-Gordon theory.
In the course of derivation, the reason for the "bosonization" will be directly seen.
We remove the mass term from the Thirring model for a while to exhibit the characteristic invariance of the Lagrangian density under a special phase transformation of the second kind, which shall be called "gauge transformation" for brevity. The peculiarity of our local "gauge invariance" consists in the fact that it is not necessary to introduce gauge fields for the invariance of the Lagrangian density.
Two types of "operator solutions" of the massless Thirring model have been proposed: One is expressed in terms of the canonically quantized free Dirac field,4l and the other in terms of the canonically quantized free scalar field. 5 ) They are equivalent except that the two-point functions including different components of the Fermi field (in the representation which diagonalizes 7 5 ) vanishes in the former, whereas it does not in the latter. It has not been obvious which is preferable. There is, however, a discussion in favour of the latter, as stated below.
Starting with the canonically quantized free Dirac field, one may construct a free Dirac field corresponding to the "trivial gauge", in which both components of the Dirac field are constant. 4 ) By following the argument of Lowenstein and Swieca, 61 it turns out that the representation of the algebra of field operators is reducible, and the so-called "8-vacuum" must be introduced to obtain an irreducible representation, in which the two-point functions between different components do not vanish. Thus we may infer that the operator solution in terms of the free scalar field is more foundamental than that in terms of the free Dirac field. We shall prove it by solving the model on the basis of the Lagrangian formalism, leading directly to the operator solution in terms of free Bose fields alone.
In § 2 we introduce into the massless Thirring model the auxiliary Bose fields with derivative couplings to the currents. We need two auxiliary fields, one of which has a kinetic term of the opposite sign to that of the other, to obtain a local four-Fermi interaction. The interaction term vanishes in the Lagrangian density for the derivative coupling.
In § 3, we contemplate the "gauge invariance" of the Lagrangian density consisting of the massless Fermi field, which is characteristic to the 1 + 1 dimensional case. This is the essential point to our problem, and the equivalence to the sine-Gordon model is its natural consequence after introducing the mass term.
The last section is devoted to the dynamical aspect of the problem. Our main concern is the introduction of the mass term as an "interaction term" breaking the chiral symmetry. This point of view facilitates understanding of the structure of the vacuum and the soliton. The one-to-one correspondence between the solutions of Eqs. (2 ·1) and (2 · 4) is in fact rigorous in the classical level because of the in variance of the current under (2 · 2). But the situation is not so simple in quantum theory: The current of the interacting field is no more identical to that of free field. His reasoning leading to the operator solution is a heuristic one, which could be legitimated only by its consequences.
Instead, we solve the model by rewriting the Lagrangian density: We introduce auxiliary fields ¢ and ¢, and write the following effective Lagrangian densities:
(2·5)
They are equivalent to the Lagrangian density
where g=g 0 2 for .£+, and g= -g 0 2 for.£_. The equivalence is readily confirmed by making use of the path integral technique:
: : : : : : : However, this degree of freedom has not been recognized as the invariance of the Lagrangian density, and its significance has not been properly taken into account.
The existence of such "gauge invariance" might seem strange; yet it has a simple meaning for a free field.
we choose a representation which diagonalizes y 5 (r 0 = ()"1, Y 1 = i(J"2, y 5 = -()"3, and (J"i, i = 1, 2, 3, are the Pauli matrices). The equations of motion of a free field
These equations show that cf;co>t (cf;<o> 2) does not depend on x_ (x+) and may be an arbitrary function of x+ (x_). Thus it is readily seen that there exists a gauge transformation of the form
where <f/! (<Pr) is an arbitrary real function of x+ (x_) alone, related to <P and ?p m where R 1 (R,) is fixed by the boundary value of q;1 (9r) at x 1 = -=, and therefore independent of the spatial coordinate.
For an interacting field, gauge fixing must be compatible with the equations of motion. We first consider the case g>O. From the effective Lagrangian density .L 7 the equations of motion are given by (3 ·Sa)
The right-hand sides of Eqs. (3 · Sb) can be set equal to zero due to (3 ·Sa).
Now we define two quantities as the initial conditions at x 0 =0, then as a consequence of field equations we also
at x 0 = 0, so that without introducing any further conditions, (3 ·10) holds for all
x 0 >0. So we can use (3 ·10) for gauge fixing. *J * 1 Note the resemblance of (3·10) [with (3·9)] to the equation obtained by Dell'Antonio et a!. 71 They started with certain postulates on the commutaion relations between currents and spinor fields, and found two equations, one of which is the equation of motion. The remaining one corresponds to (3 ·10) with (3 · 9) . This aspect indicates that the choice (3 · 9) leads to reasonable behavior of fields in the final stage.
The significance of such "gauge fixing" can also be appreciated by utilizing the strategy for the "constrained" canonical system, introduced by Dirac. 8 l For simplicity, we consider free massless Dirac field. In this case the two components of "spinor" are completely separated. We consider the upper component only:
When we regard x+ as the "time-coordinate", the canonically conjugate quantities In order to fix v and v*, "gauge-fixing constraints" are required, whose Poisson brackets with the primary constraints do not vanish.
The case of interacting field is slightly more involved. But similar analysis 9 l leads to the ambiguity of Oc-</;1 analogous to (3 ·16), which can be eliminated by the constraints (3 · 9) . Since we intend to formulate a ghost-free theory in the final stage, (3 · 9) are rewritten in the form without altering the essential feature of our problem. Now, with the transformation of variables defined by (2 · 8), the theory is equivalent to the system of free fields. We substitute the right-hand side of (2 · 8) into (3 ·18), and obtain
It is not obvious that the conditions (3 ·18) or (3 ·19) are sufficient to get rid of the whole "gauge" ambiguity. The theory is described in terms of Bose fields alone under the conditions (3 ·19) . There are, however, still too many degrees of freedom, one of which is very unphysical. On the other hand, it is readily seen from the known results [see, for example, Ref. 4 )] that our formulation should contain only one gauge parameter in the final stage. So we impose some conditions in addition to (3 ·19). The former should be consistent with the latter. A simple and reasonable choice is to set the right-hand side of (3 ·19) equal to zero: (3. 20) where Under the conditions (3 ·19) and (3 · 20) , the free field </JcoJ is fixed to the "trivial gauge", and ¢ is no more independent of '¢.
Equations (3 · 20) are the restrictions to the classical trajectory determined by the equations of motion. In a quantized theory they should be expressed in terms of canonical variables: where are canonically conjugate quantities to ¢ and '¢. After integrating with respect to ¢ and II, <jJ is expressed in terms of '¢ and 11:
We assume that and rescale '¢ and 11 as
Further integration with respect to 11 leads to the following results: In deriving the results of (3 · 29) we must determine the boundary conditions on ¢;1 and ¢n ordering of the operators, and the normalization of cf;. A simple choice is to define ¢;1 and ¢r in the momentum space with a conventional infrared cutoff; namely,
where K is an infrared cutoff; other fields are defined similarly. The infrared cutoff breaks translational invariance of two-point functions. In order to avoid this difficulty one may adopt Klaiber's trick 4 ) or redefine the ¢' s according to Nakanishi's prescription. 10) It is, however, not important to our problem, since our goal is the massive theory, where the final result should not depend on the mfrared cutoff. where 11 = e-rw K and the normal ordering is defined with respect to the positive and negative frequency parts of the Bose fields. Nakanishi proposed an operator sol ution 5 ) which is equivalent to (3 · 33) except for minor differences. He assumed a certain form of the solution as an ansatz. where Y IS the current of Schwinger (in Klaiber's terminology) , 4 l we obtain G= rr+g/2-Jrr 2 +g'j4. (3. 38) Note that G approaches its classical value g, as g tends to -co.
On the other hand, Klaiber's solution (2 · 2) would give (3. 39)
The s1gn of the coupling constant G is not determined by that of the bare coupling constant g in this case, which indicates the inadequacy of the reasoning leading to his operator solution.
Finally we introduce the mass term as an "interaction" term:
m(/j<jJ= (m;lj;r) Z: cos /3'¢:, (3. 40) where Z is a constant factor which Is dependent of how to define the product o£ operator by point-separation. The equal titne commutation relation So far we have examined the special feature of the 1 + 1 dimensional case. In order to extract more instructive information we must resort to a dynamical point of view.
We have introduced the mass term into the Thirring model (or the cosine term into the massless scalar model) as an interaction. This gives rise to a nontrivial change in the theory in a non-perturbative way, which is easily illustrated in the case of the cannonically quantized free Fremi field.
where a and b are anticommuting operators that annihilate the vacuum IO), and L is the length of the space.
The Hamiltonian with the mass term is given by
The mass term breaks chiral symmetry, and pair creation takes place. We write the ground state in the form
The parameters are determined so that E=a<OIHIO)a is minimized. The results
are (4·4)
In fact, ( 4. 3) with ( 4 · 4) gives the exact true vacu,um; namely, the Bogoliubov
where A is the ultraviolet cutoff. A similar process takes place for the case g=/=-0. From this point of view the "equivalence theorem" indicates that the true vacuum of the sine-Gordon model is not the state in which there is no soliton, but rather the one in which solitonantisoliton pairs are condensed, and the conventional semiclassical soliton corresponds to the excitation of the "quasiparticle" upon the true vacuum. Now what is the physical meaning of (f in the massive Thirring model? It is the "dipole density", whose space derivative gives the charge density. 1 ) This implies that the value of (f is different on both sides of a localized charge.
On the other hand, it is readily seen from (3 · 29) that (f = (/;1 + '¢r is related to the chiral phase of the Fermi field. Thus we infer that the chiral phase of the vacuum is different on both sides of a localized chage; the correlation of the chiral phase arises from the interaction of two vacua through the point, where the charge is localized, and this results in the topological quantization of charge.
Instead of verifying this directly, we shall examine the classical solution of the massive Thirring model. Although the relation between the above-mentioned quantum theoretical picture and the classical solution might not be so obvious, the latter will show that its chiral phase is directly related to the charge, and the localized charge is "quantized" topologically.
For 
We take such a phase convention in ( 4 · 8) as -{}1 = {}2 = {}, and
Now Eqs. (4·9a) and (4·9b) are identical: 
The negative sign of the right-hand side implies that the amplitude of '~ vanishes due to ( 4 ·13). Therefore, the following relation holds for non-trivial solutions:
(4 ·16)
(} is the chiral phase as has been seen from ( 4 ·11), which obeys the sineGordon equation (4·14). Equation (4·16) relates the chiral phase to the "dipole density" and therefore the topological quantum number to the total fermion number. * 1 Thus for a static solution, in which only one soliton exists, the total fermion number is ( 4 ·17) It is fascinating to note that the change of the value of g only rescztles the amplitude of cf; in classical level. If we rescale cf; so that the total charge of one soliton solution is unity, the value of the coupling constant always reduces to fgl =iT.
(4 ·18)
This might suggest the possibility that the magnetic charge of the monopole m higher spatial dimensions is "quantized" similarly through the existence of some relations between the phase and the amplitude [but presumably not so simple as ( 4 ·16) in higher dimensions]. The existence of topological solitons for the Fermi field might imply another possibility: In higher spatial dimensions coloured interacting Fermi fields (possibly with gauge fields) allow the existence of very heavy topological solitons and only the colour-singlet bound states can be sufficiently light because of the vanishing topological quantum number.
*l The solution (4·11) with (4·15) and (4·16) is essentially identical to the special solution given by Orfanidis and Wang, lll who have, however, written their solution in a form different from ours. In their form some of the points discussed in the text are not directly seen.
